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1. Introduction

Planetary gear sets are used commonly by automotive and aerospace industries. Typical
applications include jet propulsion systems, rotorcraft transmissions, passenger vehicle automatic
transmissions and transfer cases and off-highway vehicle gearboxes. Their high-power-density
design combined with their kinematic flexibility in achieving different speed ratios make planetary
gears sets often preferable to counter-shaft gear reduction systems.

As planetary gear sets possess unique kinematic and geometric properties, they require
specialized design knowledge [1]. One type of the key parameters, the rim thickness of the gears,
must be defined carefully by the designer in order to meet certain design objectives regarding
power density, planet load sharing, noise and durability. From the power density point of view,
the rim of the each gear forming the planetary gear set must be as thin as possible in order to
minimize mass. Besides reducing mass, added gear flexibility through reduced rim thickness was
shown to reduce the influence of a number of internal gear and carrier errors, and piloting
inaccuracies [2]. In addition, it was also reported that a flexible internal gear helps improve the
load sharing amongst the planets when a number of manufacturing and assembly related gear and
carrier errors are present [3–6]. Many of these effects of flexible gear rims were quantified under
quasi-static conditions in the absence of any dynamic effects.

The effect of rim thickness on gear stresses attracted significant attention in the past. A number
of theoretical studies [7–14] modelled mostly a segment of spur gear with a thin rim. In these
studies, the gear segment was typically constrained using certain boundary conditions at the cut
ends and a point load along the line of action was applied to a single tooth in order to simulate the
forces imposed on a sun or an internal gear by the mating planet. This segment of the gear was
modelled by using the conventional finite element (FE) method with the same boundary
conditions applied in order to simulate the actual support conditions. These models do not
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include the other gears in the planetary gear set as the forces acting on the planet–sun gear and
planet–internal gear meshes are represented by a single point force applied mostly on a single
tooth along the line of action. While these models were instrumental in qualitatively describing the
influence of the rim thickness on the bending stresses of an internal gear, they were not fully
capable of describing the behavior observed in a number of experiments on this subject matter
[12,15–18]. The accuracy of the stress predictions were strongly dependent on the suitability of the
conventional FEM meshes to simulate the tooth, the boundary conditions imposed to represent
the actual support conditions, and the assumption that a point load can fully describe the actual
loads on planet mesh. Since large portions of the internal gear and the other gears (planets and the
sun gear) are left out of these models, it was not possible to investigate the effect of internal gear
rim thickness on the overall behavior of the planetary gear set including its influence on the
stresses of planets and the sun gear and the load sharing amongst the planets. Similarly, an
accurate prediction of the shape and the amount of gear deflections was also not possible for the
same reasons.

Two recent studies by the first author [2,6] employed a non-linear deformable-body model of an
entire planetary gear set to investigate the impact of rim flexibilities, especially of the internal gear,
on gear stresses and planet load sharing under static conditions. These studies indicate that
reducing rim thickness of the gears improve functionality of the gear set by minimizing the adverse
effects of gear and carrier manufacturing errors and by improving the planet load-sharing
characteristics under quasi-static conditions. However, these benefits come at the expense of
increased gear stresses. The practical design question of how thin gear rim thicknesses can be
without any durability problems is not possible to answer based on these static analyses alone. It
is expected that behavior of the planetary gear set changes under dynamic conditions as the
system flexibility is increased, potentially increasing gear stresses to a certain extent.

1.1. Objectives and scope

The main objective of this study is to investigate the dynamic effects on gear stresses as a
function of gear rim thickness parameters and the number of planets in the system. A deformable-
body dynamic model will be used to simulate a typical automotive automatic transmission
planetary unit. The model includes all of the gears of the planetary gear set in their deformable
form, addressing the shortcomings of the previous simplified models cited above. A new rim
thickness parameter will be introduced that takes into account the size of the gears. The model will
be used to quantify the impact of the gear rim flexibilities on dynamic gear stresses. The
relationship between the bending modes of the gears and the number of planets in the system will
also be demonstrated quantitatively.

2. Deformable-body dynamic model

An analysis of planetary gear sets using conventional FE packages presents a number of major
challenges stemming from the geometric, kinematic and loading characteristics of this application.
The width of a typical gear contact zone is at least an order of magnitude smaller than the other
gear dimensions, requiring a very refined mesh near the contact. As the contact zone travels over
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the tooth surfaces, such a fine mesh must follow it resulting in a very refined FE mesh over the
entire tooth surfaces. The computational time required by such a fine FE model is often
overwhelming [19] even under static conditions. In addition, the level of geometric accuracy
required from a gear contact analysis is so high that a conventional finite element approach fails
to deliver. Finally, there are major difficulties in generating an optimal mesh that is capable of
modelling the stress gradients in the critical regions, especially at the tooth root, while minimizing
the total number of degrees of freedom of the entire model.

The contact model employed in this study overcomes such difficulties by using FEM and
surface integral methods in conjunction. The details of this previously developed model can be
found in a paper by Vijayakar [20]. The model uses finite element method to compute relative
deformations away from the contact zone. Use of finite elements also allows an accurate
representation of complex shapes that planetary gears have. The nearfield deformations in the
contact zone are computed using semianalytical techniques based on the half-space solution for a
concentrated load. This eliminates the need for a very refined mesh along the tooth surfaces. The
nearfield semianalytical solution and the farfield finite element solutions are matched at a
matching surface. The finite element model implemented here uses separate interpolation schemes
for the displacements and coordinates. The tooth surfaces are modelled by elements that have a
very large number of co-ordinate nodes, and can therefore accurately represent the involute shape
and surface modifications. In the fillet region, the elements have a large number of displacement
nodes to correctly capture the steep stress gradients [6]. The model uses a hierarchical
representation of the system that is built from many substructures, with each substructure in turn
being composed of many substructures. This allows reducing the computational and memory
requirements significantly.

In a planetary gear set, each gear goes through large rotations according to kinematic
relationships. The elastic deformations of the gears are much smaller and must be superposed on
the rigid-body motions. By choosing a gear co-ordinate frame that follows the rigid-body motion,
the finite element displacement vector xif for gear i can be represented by a linear system of
differential equations [21],

Mffi .xfi þ Cfi ’xffi þ Kffixfi ¼ ffi; ð1Þ

where ffi is the vector of external loads. Rayleigh’s damping model is used here in the form

Cffi ¼ mMffi þ ZKffi; ð2Þ

where m and Z are constant coefficients. Representing the rigid-body motions of the reference
frame by xir and combining it with Eq. (1) results in

Mffi Mfri

Mrfi Mrri

" #
.xfi

.xri

( )
þ

Cffi Cfri

Crfi Crri

" #
’xfi

’xri

( )
þ

Kffi Kfri

Krfi Krri

" #
xfi

xri

( )
¼

ffi

fri

( )
: ð3Þ

The equations for each gear are assembled into the entire planetary gear system to obtain the
overall matrix equation of motion

M .xþ C ’xþ Kx ¼ F: ð4Þ

For the solution of the above equation, a time-discretization scheme based on the Newmark
method is used as described in detail by Parker et al. [21].
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2.1. Example system

An example planetary system is chosen here to represent an automotive gear set in the
configuration of a final drive unit of a front-wheel-drive automatic transmission. Here, the
internal gear is held stationary and the other two central members are given the duties of input
and output. Gear rim deflections can be especially important in a final drive planetary gear set
since it is the most heavily loaded gear set in the transmission. Also, the internal gear-case
interface forms a direct vibration/force path to the case for noise generation. The same
configuration applies to other applications such as automotive all-wheel-drive transfer case
reduction units and rotorcraft reduction units as well. The design parameters of the example
system are listed in Table 1. The FE models of the same system are shown in Fig. 1. Here, the
carrier, the sun gear and the internal gear are input, output and the reaction members,
respectively. Two variations of the system with three ðn ¼ 3Þ and four ðn ¼ 4Þ equally spaced
planets are considered. Nominal tooth profile modifications are applied on each gear as stated in
Table 1. The internal gear is held stationary within the housing by means of 15 equally spaced,
straight external splines. Sufficient radial clearance is allowed at both the minor and major radii of
the spline interface for allowing the internal gear to deflect, reflecting the real-life application. The
planets, the carrier and the sun gear are supported in radial direction by isotropic bearings.

2.2. Rim thickness parameter

One conventional way of quantifying a gear rim thickness has been comparing it to the height
of the teeth. This so-called back-up ratio is given mathematically for external (sun or planet) and
internal (ring) gears as

Lext ¼
Rroot � Rbore

ROD � Rroot

; Lint ¼
ROD � Rroot

Rroot � Rminor

; ð5Þ

where ROD; Rroot; Rbore and Rminor are the outer, root, inner (bore) and minor radii, respectively, as
defined in Fig. 2. The back-up ratio L has been widely used especially by gear designers since it is

Table 1

Design parameters of the example system (All dimensions are in mm unless specified)

Sun Pinion Internal

Number of teeth 34 18 70

Module 1.5 1.5 1.5

Pressure angle, deg 21.3 21.3 21.3

Circular tooth thickness 1.895 2.585 1.895

Hob tip radius 0.2 0.2 —

Fillet radius — — 0.5

Outer radius, ROD 26.37 15.25 58.275–64.825

Root radius, Rroot 23.00 11.875 55.00

Minor radius, Rminor — — 51.725

Bore radius, Rbore 13.15–20.473 7.488–9.85 —

Linear tip modification 0.010 0.010 —

Starting roll angle of relief, deg 21 27 —
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easy to calculate. However, it has a major shortcoming, as the size of the gear is not factored in.
Two gears having the same rim thickness and tooth height would have the same values of L even
if their radii were different. Obviously, the gear with larger radius has more flexibility and hence
should exhibit larger deflections. In a planetary gear set, assuming the tooth heights and rim
thickness values for the internal gear sun gear and planets are all equal, one obtains Ls ¼ Lp ¼ Lr;
where subscripts s; p and r denote sun, planet and internal (ring) gears, respectively. Yet a sun or
planet gear of the same L value should be significantly stiffer than an internal gear.

This deficiency of the conventional back-up ratio L with regard to relating to the dynamic
behavior accurately can be avoided by introducing a new rim thickness parameter G defined as the
ratio of the rim thickness to the root radius. This new rim thickness parameter takes into account
the size of the gear. For external and internal gears shown in Fig. 2,

Gext ¼
Rroot � Rbore

Rroot

; Gint ¼
ROD � Rroot

Rroot

: ð6Þ

3. Results and discussion

In contrast to the static analysis, the dynamic analysis at a given input speed and input torque
value takes significantly more computational effort. Damping and mass matrices must also be
constructed and included in the calculations in accordance with Eq. (4) in addition to the stiffness
matrix and the force vector. Since the steady-state response is of particular interest, the simulation
must be carried out for a reasonably long period of time to surpass the transient region. In

(a) (b) 

Fig. 1. Deformable-body dynamic models of the example system: (a) n ¼ 3 and (b) n ¼ 4:
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addition, the time increment must be small enough in order to capture all dynamic motions to a
desired resolution.

In order to reach the region of steady state motions, each analysis was performed in four
distinct ranges. In the first range, a single-point static analysis was performed to define initial
conditions for the dynamic analysis. The second range is the ramp-up stage from zero to the
desired speed in a relatively short time period with a small number of time steps (about 50)
followed by a 1800-time-step analysis at the desired speed to rotate the carrier by a complete

boreR

rootR

rootR

ODR

ODR

orminR

(a)

(b)

Fig. 2. Dimensions required for the definition of the rim thickness parameters for (a) an external gear and (b) an

internal gear.
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rotation. In this range, the analysis time increment was kept relatively course since the purpose
here is to pass through the transients as quickly as possible. Finally, the fourth range is formed by
a refined 8200 time-step analysis (about one-third carrier rotation) from which the steady state
response is obtained. The analysis in the last range is extended further if the repeatability of the
stress time histories are not acceptable meaning the transient motions are still present. Damping
coefficients of m ¼ 7:1ð10Þ�4 and Z ¼ 1:4ð10Þ�7 s were used in this example case. These damping
values were such that the system reaches its steady state after one to two complete carrier
rotations.

3.1. Influence of rim thickness on dynamic gear stresses

All four ranges combined, one single analysis at a given speed and torque value took nearly
19 h of computational time on a high-end personal computer. Therefore, it was not feasible to
perform extensive parametric studies of rim thickness under dynamic conditions. Instead, a rather
limited objective is adapted here: What are the dynamic consequences of using a flexible gear (say

internal gear) compared to a rigid one over a large operating speed range?
Initially, two cases were chosen for the comparison. The first case represents a flexible internal

gear with Gr ¼ 0:06 ðLr ¼ 1:0Þ and the second case considers the same planetary gear set, now
with a rigidly supported internal gear (no rim deflections). As all gears for both cases are identical
except the boundary conditions, system mass and stiffness matrices remain the same resulting in
the same Rayleigh damping values. Here, the system has three equally spaced planets and the
internal gear is splined in the rigid housing using 15 equally spaced straight splines as shown in
Fig. 1(a). In this example case, the other gears have relatively thicker rims compared to the
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Fig. 3. Internal gear dynamic stress factors as a function of the normalized gear mesh frequency: 3; G ¼ 0:06; �; rigid.
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internal gear with Gs ¼ 0:44 and Gp ¼ 0:5: The input (carrier) torque was 1500 N m: Both sun
gear and the planet carrier were piloted by radial bearings.

The carrier speed Oc was varied within a range between 0 and 4000 r:p:m:; corresponding to a
gear mesh frequency range of om ¼ 0–33 000 rad=s ð5250 HzÞ where om ¼ 2pOcZr=60 and Zr is
the number of teeth of the internal gear. At each om value, the four-range transient analysis
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outlined above was performed and the maximum values of the steady state gear stresses are
recorded. Dynamic stress factors Kd for each gear at that speed were calculated as the ratio of the
maximum dynamic stress sdi;max to the corresponding maximum quasi-static stress ssi;max: For a
gear i:

Kdi ¼
sdi;max

ssi;max

; i ¼ s; p; r: ð7Þ
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The bending natural frequencies of a thin ring structure are given by [22]

oq ¼
qðq2 � 1Þffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ q2
p

ffiffiffiffiffiffiffiffi
EI

mR4

s
; q ¼ 2; 3; 4;y; ð8Þ

where q is the modal index, E is the modulus of elasticity, I is the area moment of inertia of the
cross-section, m is the mass per unit length, and R is the radius of the ring. A resonance peaks
associated with the internal gear bending modes might exist when the gear mesh frequency is
equal to a bending natural frequency, i.e., omEoq: Accordingly, if one normalizes the gear mesh
frequency by using Eq. (8) such that %om ¼ om=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EI=ðmR4Þ

p
; bending mode resonance peaks

should appear at %om ¼ qðq2 � 1Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ q2

p
¼ 2:68; 7:59; 14:55; 23:53;y :

Fig. 3 compares maximum internal gear dynamic factors Kdr for two cases, namely a system
having a flexible internal gear with Gr ¼ 0:06 ðLr ¼ 1:0Þ and a system having an internal gear with
a rigid rim. Here, an internal gear tooth at the midpoint between two splines was considered. The
first observation is that as %om is increased, Kdr is increased for both cases showing the contribution
of dynamic conditions to stress levels. The increase in Kdr is significantly larger for the system with
the flexible internal gear reaching up to Kdr ¼ 2:3 (the maximum dynamic stress experienced by
the internal gear is 2.3 times larger than the maximum stress levels under quasi-static conditions)
within the range of %om considered. The steady state, internal gear stress time histories at selected

%om values for Gr ¼ 0:06 ðLr ¼ 1:0Þ are displayed in Fig. 4. Here, the impact of dynamic motions
on internal gear stresses is rather obvious. On the other hand, the example stress time histories
given in Fig. 5 for the rigid internal gear show signs of limited dynamic effects, in line with Fig. 3.

Apparent resonance conditions are evident in Fig. 3 at mesh frequencies %om ¼ 2:68; 7:59; 14:55
and 23.53 (Oc ¼ 460; 1300; 2600 and 3900Þ r:p:m: for Gr ¼ 0:06 ðLr ¼ 1:0Þ corresponding to the
internal gear bending modes o2–o5: Since the Kdr amplitudes are much lower and no resonance
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condition exists for the rigid internal gear at the same frequency values, these resonance peaks can
be attributed to internal gear bending natural modes. It is also clear from Fig. 3 that the resonance
peak corresponding to o3 is the most severe one.

A very similar behavior is observed for the sun gear dynamic factors as well for the same cases
of Gr ¼ 0:06 and rigid internal gear rim. As shown in Fig. 6, for Gr ¼ 0:06 ðLr ¼ 1:0Þ; Kds values
climb steadily with increasing %om and experience rather large-amplitude resonance peaks at %om ¼
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2:68; 7:59; 14:55 and 23.53, again corresponding to the internal gear bending frequencies at o2 to
o5: Sun gear steady state stress time histories at several %om values for Gr ¼ 0:06 are displayed in
Fig. 7. Here, the impact of dynamic motions on sun gear stresses is again evident. Meanwhile, sun
gear stress time histories given in Fig. 8 for the case rigid internal gear of Fig. 6 again exhibit
limited dynamic effects.

The impact of the internal gear flexibility on planet dynamic stress factor is also very significant
as illustrated in Fig. 9 for the same two cases as above. Again, Kdp values increase steadily with %om

and pass through large-amplitude resonance peaks at the same internal gear bending frequencies
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as before. Steady state stress time histories of the planet gear at several %om values displayed in
Fig. 10 for Gr ¼ 0:06 ðLr ¼ 1:0Þ again emphasize the dynamic effects on planet gear stresses while
the stress time histories given in Fig. 11 for the system with a rigid internal gear again show rather
limited dynamic effects.

Two other resonance peaks are apparent in Figs. 3, 6 and 9 that are not associated with the
internal gear bending modes. For the case of rigid internal gear, these two resonance peaks are at
nearly %om ¼ 12:3 and 19.9 (Oc ¼ 2100 and 3400 r:p:m:) and their frequencies are both reduced
somewhat if the internal gear is flexible. These resonance peaks were found to correspond to the
transverse-torsional natural modes of the planetary gear set as described in detail in previous
discrete-parameter dynamic modelling studies [23]. The observed change in these resonance
frequencies suggests that the predictions of discrete parameter models that assuming rigid gear
rims should involve a certain amount of error. It would be safe to conclude that a deformable
body analysis is necessary especially when the gear rims are rather flexible, not only for including
the rim bending modes but also for the more accurate prediction the planetary gear set modes.

3.2. Relationship between the bending modes and the number of planets

In Figs. 3, 6 and 9, although resonance peaks associated with the all bending natural modes of
q ¼ 2–5 were observed to exist for the system with three planets ðn ¼ 3Þ; the resonance peak at

%om ¼ 7:59 corresponding to q ¼ 3 was the most significant one, bringing the issue of a possible
link between the number of planets and the excitability of a particular bending mode. Under
quasi-static conditions, the internal gear deflects to a mean triangular shape (when the
deformations are exaggerated) that has characteristically the same shape as the q ¼ 3 mode.
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In order to investigate this issue further, a four-planet version of the same system shown in
Fig. 1(b) having Gr ¼ 0:06 ðLr ¼ 1:0Þ is analyzed in the vicinity of resonance peaks of q ¼ 3 and 4
at %om ¼ 7:59 and 14.55, respectively. Fig. 12 compares maximum Kds values of two gear sets with
n ¼ 3 and 4, both having Gr ¼ 0:06: In the vicinity of %om ¼ 7:59; the resonance amplitude is much
more severe when n ¼ q ¼ 3 reaching a maximum value of 1.9 while this value is only 1.4 for the
four-planet system. Meanwhile, in the vicinity of %om ¼ 14:55; the resonance peak amplitudes are
much higher when n ¼ q ¼ 4: The system with n ¼ 4 results in a maximum Kds value of 1.9 while
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the system having n ¼ 3 yields only Kds ¼ 1:45: This suggests that any qth gear bending mode is
excited most severely when n ¼ q: This itself can be a sufficient reason in practical gear design to
increase the number of planets in case there is a bending resonance within the operating speed
range of the gear set.
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4. Conclusions

In this study, the effect of flexibility of gears on the dynamic behavior of a planetary gear set is
investigated. An existing contact mechanics formulation is employed to model a typical
automotive automatic transmission final drive planetary unit. The model considers each gear as a
deformable body and meshes them to predict loads, stresses and deformations. A new generalized
gear rim thickness parameter that includes the gear radius is proposed in place of the conventional
back-up ratio. The influence of internal gear rim flexibility on dynamic stresses and gear rim
deflections is quantified. Based on the results presented, dynamic gear tooth bending stress values
were found to be significantly higher for all of the gears for a flexible internal gear as compared to
the rigid internal gear, reaching their maximum values at the bending natural frequencies of the
internal gear. It was also shown that the internal gear bending resonance peaks are the most
significant if the number of planets in the system match the modal index of the bending mode.
This study also indicates that a deformable body analysis is necessary especially when the gear
rims are rather flexible for both including the rim bending modes properly and predicting the
overall planetary gear set modes more accurately.
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